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Abstract 
IScan, H., On class numbers of algebraic function fields defined by y’ = X” + a over GF( p), 
Journal of Pure and Applied Algebra 78 (1992) 271-273. 
In this study, the class number for a hyperelliptic function field of genus g, constant field 
K = GF( p) and equation y3 = xlI + a (O E K*) has been obtained as h = JJ’ + I, where n and p 
are prime numbers greater than 2 and p is congruent to a primitive root modulo n. 
1. Introduction 
Let K = GF( p) be a finite Galois field of characteristic p # 2. Let F = K(x, y) 
be a hyperelliptic function field over K defined by an equation y” = ,K” + a (a # 0, 
a E K), where IZ denotes an odd number such that n > 1, ptn. Let h be the class 
number of F and g the genus of F. It is obvious that g = (n - 1)/2 is given by 
Deuring [l]. We consider the following question: 
“Does there exist an integer c which depends only on y1 such that h = pg + 1 
whenever p = c (mod n)?” 
In the cases IZ = 3, 5, 7 affirmative answers have been given by Washio [3,4]. 
In this note, we prove that if iz is an odd prime number, then c may be taken as 
a primitive root modulo IZ. 
2. Preliminaries 
Let F be an algebraic function field of one variable having Galois field 
K = GF( q) as its exact constant field. The order of the finite group of divisor 
classes of degree zero is called the class number of F and denoted by h. The 
0022-404Y/92/$05.00 0 1992 - Elsevier Science Publishers B.V. All rights reserved 
272 H. @can 
numerator of the zeta function of the algebraic function field F/K is 
L(u) = 1 + a,u + a& + . . . + apR + qa,_,LP+ + . . . + qgU2K ) (1) 
where g denotes the genus of the field F. It is well known that the class number h 
is given by h = L( 1). That is, 
h=(q”+l)+a,(q-‘+l)+...+a,_,(q+l)+a,. (2) 
3. Results 
Theorem 1. Let K be a finite field GF( q) .f h o c uructeristic f2. Let there be given 
un odd number n > 1. Let F be a hyperelliptic function field over K defined by an 
equation y’ = x” + a (a # 0, a E K). Let N, denote the number of prime divisors of 
degree one. Then N, = q + 1 if n and q - 1 are coprime. 
Proof. See [3,4]. 0 
Lemma 2. Let FIK be an algebraic function field with constant field K = GF( q). 
Let the reciprocals of the roots of the numerator of the zeta function of this function 
be w, (A = 1,. . . ,2g) and let S, = c y= l wl. Then 
N’; = qV + 1 - S” ) (3) 
where #‘; denotes the number of prime divisors of degree one in any constant field 
extension of FIK of degree v. 
Proof. Equation (3) can be easily proved (see [2]). 0 
Theorem 3. Let K = GF( p) be a finite Gulois field of characteristic p # 2. Let 
F = K(x, y) be an hyperelliptic function field over K defined by the equation 
y’ = x” + a (a # 0, a E K), where n denotes an odd number such that n > 1 and 
p tn. If there exists an integer c depending only on n, such that (c - 1, n) = 1, 
(c2-l,n)=l,.. .,(cg-l,n)=l, then h= p’ + 1 whenever p = c (mod n). 
Proof. Let F,IK,, F,IK,, . , 
2, 3, . . . , g, respectively. 
FRl K, be constant field extensions of Fl K of degree 
Moreover, denote fi’, (i = 2,. . . , g) and N, the numbers of prime divisors of 
degree one of F,/K, and FIK respectively. By the assumption of the theorem, for 
everyf=1,2,...,g,(cf-1,n)=1isequivalentto(pf-1,n)=1. 
Using Theorem 1, we have 
N,=p+l, fif=p’+l, . . . . . Nf=p”+l. 
The numerator of the zeta function of FIK is 
(4) 
L(u) = 1+ u,u + . . . + u2gu21: = $ (1 - w*u) ) (5) 
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whereaiEZ(i=l ,..., 2g)andw,(A=l,... ,2g) are reciprocals of the roots of 
L(u). From (5) we see that each of the a, is a symmetric function of degree i of 
the W, and by a standard result on symmetric functions, it is a polynomial in 
s,, s,, ‘. . , Si. Using Lemma 2, S, = 0 for 1~ v 5 g is obtained. Hence a, = 0 
(i = 1,. . . , g). Since 
we obtain h = pK + 1. 0 
Corollary. Let K = GF( p) be a finite Galois field of characteristic p # 2. Let 
F = K(x, y) be a hyperelliptic function field over K defined by an equation 
y2 = x” + a (a E K, a # 0), where n denotes a prime number such that n > 2. Let c 
be a modulo n primitive root. If p = c (mod n), then h = pR + 1. 
Proof. Since c is a modulo n primitive root, we have 
C ‘-’ = 1 (mod n) 
and 
c/z (mod n) , l<f<n-1. 
Therefore, for f = 1,2,. . . , (n - 1)/2 = g, we obtain (cf-‘, n) = 1. If p = c 
(mod n), then using Theorem 3 we see that h = pg + 1. 0 
Note. (1) The multiplicative group of the field F is cyclic and so there does exist a 
modulo n primitive root to which the above corollary may be applied. Thus, for 
such a hyperelliptic function field, if n > 2 a prime number and p is congruent to a 
modulo n primitive root, then the class number is pg + 1. This answer is in the 
affirmative the question of the existence of function fields with a class number of 
this form. 
(2) Finally, it is observed that if n is composite there is no c coprime to n 
satisfying the conditions of Theorem 3. 
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